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Abstract 

The notion of null (isotropic) vector field is considered in spaces with 
affine connections and metrics [(L n , g)-spacesj as models of space or space- 
time. On its basis the propagation of signals in space-time is considered. 
The Doppler effect is generalized for these type of spaces. The notions of 
standard Doppler effect and transversal Doppler effect are introduced. On 
their grounds, the Hubble effect and the aberration effect appear as Doppler 
effects with explicit forms of the centrifugal (centripetal) and Coriolis ve- 
locity vector fields in spaces with affine connections and metrics. The up- 
per limit of the value of the general observed shift parameter z, generated 
by both the effects, based on the Doppler effects, is found to be z = \[2. 
Doppler effects, Hubble's effect, and aberration's effect could be used in 
mechanics of continuous media and in other classical field theories in the 
same way as the standard Doppler effect is used in classical and relativistic 
mechanics. 

PACS numbers: 04.20.Cv; 04.50.+h; 04.40.b; 04.90.+e; 83.10.Bb 

1 Introduction 

The notion of null (isotropic) vector field is related to the light propagation 
described in relativistic electrodynamics on the basis of special and general 
relativity theories PQ 0. On the other side, the notion of null (isotropic) 
vector field could be considered in spaces with (definite) or indefinite metric as 
a geometric object (contravariant vector field) with specific properties making 
it useful in the description of the propagation of signals in space or in space- 
time as well as in geometrical optics based on different mathematical models. 
Usually it is assumed that a signal is propagating with limited velocity through 
a continuous media or in vacuum. The velocity of propagation of signals could 
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be a constant quantity or a non-constant quantity depending on the properties of 
the space or the space-time, where the signals are transmitted and propagated. 
Recently, it has been shown that a classical field theory could be considered as 
a theory of continuous media with its kinematic and dynamic characteristic 0] 
-j- [Jj . On this basis the propagation of signals in different models of space or of 
space-time is worth being investigated. 

In the present paper the notion of contravariant null (isotropic) vector field is 
introduced and considered in spaces with affine connections and metrics [(L n , g)- 
spaces] . In Section 2 the properties of null vector fields are considered on the 
basis of (n — 1) + 1 representation of non-null (non- isotropic) vector fields or- 
thogonal to each other. In Section 3 the notions of distance and space velocity 
are discussed and their relations to null vector fields are investigated. In Section 
4 the kinematic effects [longitudinal and transversal Dopplcr's effects, Hubble's 
effect, and aberration's effect] related to the kinematic characteristics of the 
relative velocity and their connections with null vector fields are considered. It 
is shown that the Hubble effect and the aberration effect appear as corollaries 
of the standard (longitudinal) and transversal Doppler effects. On the other 
side, the Hubble effect and the aberration effect are closely related to the cen- 
trifugal (centripetal) and the Coriolis velocities. The results discussed in the 
paper could be important from the point of view of the possible applications of 
kinematic characteristics in continuous media mechanics as well as in classical 
(non-quantum) field theories in spaces with affine connections and metrics. 

The main results in the paper are given in details (even in full details) for 
these readers who are not familiar with the considered problems. The definitions 
and abbreviations are identical to those used in [H] and . The reader is kindly 
asked to refer to them for more details and explanations of the statements and 
results only cited in this paper. 

2 Null (isotropic) vector fields. Definition and 
properties 

2.1 Definition of a null (isotropic) vector field 

Let us now consider a space with affine connections and metrics [(L„, <7)-space] 
[5], [5| as a model of a space or of a space-time. In this space the length l v of a 
contravariant vector field v S T(M) is defined by the use of the covariant metric 
tensor field (covariant metric) g € ®2 S (M) as 

g(v,v) = ±l 2 v l 2 v >0 . (1) 

Remark. The sign before l\ depends on the signature Sgn of the covariant 
metric g. 

The contravariant vector fields can be divided into two classes with respect 
to their lengths: 

• null or isotropic vector fields with length l v = 0, 

• non-null or non-isotropic vector fields with length l v ^ 0. 
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In the case of a positive definite covariant metric g {Sgng = ±n, dimM = n) 
the null (isotropic) vector field is identically equal to zero, i.e. if l v = then 
v = v i ■ e, = e T(M), v i = 0. 

In the case of an indefinite covariant metric g {Sgng < n or Sgng > —n, 
dimM = n) the null (isotropic) vector field with equal to zero length l v = can 
have different from zero components in an arbitrary given basis, i.e. it is not 
identically equal to zero at the points, where it has been defined, i.e. if l v = 
then w^Oe T(M), v = v i ■ e t G T(M) and v i ^ 0. In a (L n , y)-space the com- 
ponents gij of a covariant metric tensor g could be written in a local co-ordinate 
system at a given point of the space as g^ = (—1, —I, —I, ...,+1, +1, +1, ...) 

k times I times 

with k + I = n. 

The signature Sgn of g is defined as 

Sgn g = -k + 1 = 2-1 - n = n - 2 ■ k , n, k, I £ N, (2) 

where k = n — I, I = n — k. 

In the relativistic physics for dimM = 4, the number I and k are chosen 
as I = 1, k = 3 or I = 3, k = 1 so that Sgng = —2 <~ (—1, —1, —1, +1) or 
Sgng = +2 ~ (+1, +1, +1, —1). In general, a (L n , g)-space could be consider 
as a model of space-time with Sgng < and (k > I, I = 1) or with Sgng > 
and {l>k,k = 1). 

The non-null (non-isotropic) contravariant vector fields are divided into two 
classes. 

1. For Sgng < 

(a) g(v, v) = +l 2 v >Q := time like vector field v € T(M), 

(b) g(v,v) = —ll < := space like vector field u e T(M). 

2. For sgn g > 

(a) g(w, w) = < := time like vector field v e T(M), 

(b) ff(u,t;) = +ll > := space like vector field v G T{M). 

Therefore, if we do not fix a priory the signature of the space-time models 
we can distinguish a time like vector field u with 

g(u,u) = +l 2 for Sgng<0 
= -l\ for Sgng > 

or g(u,u) = ±Z„, and a space like vector field £j_ with 

= fOT S'5«3<0 

= +/|^ for S^n g > 

or g>(^j_,^j_) = =F^|_l ■ This means that in symbols ±1% or (o E T(M)) 
the sign above is related to Sgn g < and the sign below is related to Sgn g > 0. 

Remark. Since Z = iy^f, the sings in this case will be denoted as not 
related to the signature of the metric g. 

A non-null (non-isotropic) contravariant vector field v could be represented 
by its length l v and its corresponding unit vector n v = f- as v = ±l u ■ n v in 

contrast to a null (isotropic) vector field k with l^ = (the sings here are not 
related to the signature of the metric g) 

v = ±l v -n v , g(v,v) = ll ■ g(n v ,n v ) = ±l 2 v , g{n v ,n v ) = ±1 , 
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or 

v = ±l v -n v , g(v,v) = ll ■ g(n v ,n v ) = , g(n v ,n v ) = =fl. 

Remark. In the experimental physics, the measurements are related to the 
lengths and to the directions of a non-null (non-isotropic) vector field with 
respect to a frame of reference. Since different types of co-ordinates could be 
used in a frame of reference, the components of a vector field related to these 
co-ordinates cannot be considered as invariant characteristics of the vector field 
and on this grounds the components cannot be important characteristics for the 
vector fields. 

After these preliminary remarks, we can introduce the notion of a null 
(isotropic) vector field 

Definition 1. A contravariant vector field k with length zero is called null 
(isotropic) vector field, i.e. k :— null (isotropic) vector field if 

g(k,k)=±ll = , ifc =| | 1/a =0 . (3) 

2.2 Properties of a null (isotropic) vector field 

The properties of a null (isotropic) contravariant vector field could be considered 
in a (n — 1) + 1 invariant decomposition of a space-time by the use of two non- 
isotropic contravariant vector fields u and orthogonal to each other UJ, i.e. 
g(u, £j_) = 0. The contravariant vectors u and £j_ are essential elements of the 
structure of a frame of reference ^Oj in a space-time. 

2.2.1 Invariant representation of a null vector field by the use of a 
non-null contravariant vector field 

(a) Invariant projections of a null vector field along and orthogonal to a non-null 
(non-isotropic) contravariant vector field u 

Every contravariant vector field k £ T(M) could be represented in the form 

k = — ■ g(u, k) ■ u + ~g[h u (k)] = ku + k± , (4) 
e 

where 

e = g(u,u) = ±ll , 

g = g lJ ■ di.dj , di.dj = \- ■ (<% (g> dj + dj ® <%) , 

g = gij ■ dx 1 .dx^ , dx l .dx-' — — ■ (dx l dx-* + dx^ ® dx l ) , 

h u = g — - ■ g{u) <S> g(u) , h u =g — - ■ u<8> u , 
e e 

9( u ) = 9$ ■ ul ■ dx 1 , 

g[h u (k)} = g v ■ h Tl -k l ■ d t := k± , k\\ := - ■ g(u, k) ■ u . (5) 
J e 

g(k\\,kx) = , g(u, fcjj = . (6) 
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Let us now take a closer look at the first term fen of the representation of k. 

fey = - • g(u,k) ■ u = ±^ • g(u,k) ■ u = ■ g(u,k\\) ■ ^ . (7) 
If we introduce the abbreviations 

XL 

n\\ = — , u = g(u,k) = g(u,k\\) , (8) 

where 

0( n ||> n ||) = 7J = 7j • (±'«) = ±! . (9) 

w = g(u,k) =g(u,kn + k±) = g(u,k\\) = l u - g(n\\,k\\) = l u ■ ff(fc||,ri||) , 

(10) 

fc,l := ±l h ■ n|| , s(fc||,k||) = ^("Ih^n) =^n •(±l)=±/fc || , 

(11) 

ff(fc||,n||) = ±/ fc|| -ff(n||,n||) = ±Z fc|| • (±1) = l k]] = — , (12) 

then fc|| could be expressed as (the signs are not related to the signature of the 
metric g) 

h = ± r' n n = ±lk w ' n n • ( 13 ^ 

The vector nu is a unit vector [<?(n||,n||) = ±1] collinear to u and, therefore, 
tangential to a curve with parameter t if u — . 

The scalar invariant ui = g(u, k) is usually interpreted as the frequency of the 
radiation related to the null vector field k and propagating with velocity u with 
absolute value l u with respect to the trajectory x 1 (t). In general relativity l u := 
c and it is assumed that the radiation is of electromagnetic nature propagating 
with the velocity of light c in vacuum. We will come back to this interpretation 
in the next considerations. 

The contravariant vector field k± 

k± = g[h u (k)] 

is orthogonal to u (and k\\ respectively) part of k. Since 

00 LU Up Up* 

ff(fc||>fc||) =.9(±T- -n\\, ±— -n||) = -g(n h n\\) = ±— = ±l\ , (14) 

l u L u l u l u 

l h = r > . I*,, = w > (!5) 

and 

g(k,k) = 

we have for g(k± 7 k±) 

g(k,k) = = ff(fc|| + fc_L, fe|| + fcj_) = ff(fc||,fc||) +fif(fc_L,fc_L) = 

2 2 

= ±^-+ ff (fc ± ,A ± ) = ±^-TiL= > ( 16 ) 
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and, therefore, 
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2 LO LO 

l k± = JT ' lk ± = T = lk W ■ 



Remark. Since lo > and > 0, and at the same time l k± > 0, and 1^ > 0, 
we have 

LO 

If we introduce the unit contravariant vector n± with g(n±,n) = =f1 then 
the vector k± could be written as 

k± := Th± ■ n± , (18) 

where 

9 9 

LO 



g(k ± ,k ± )=l k± -g(n_ L ,n) = Tl k± =T-j2 , k ± = ~n . l k± = r ■ ( 19 ) 

t^, t 7 j 

Therefore, 



where 



fci_ = =p — ' ™_L , fe|| = ±T" • , (20) 

fe = fe|| + k± = ±— • (n|| - nj_) , (21) 



g(n h n±) = , s(fc||,£i) = , g{u,k±) = , (22) 



,*||) = ±l h ■5(ri||,n||) = l k± = j- , (23) 
g(n±, kj_) = Th ± ■ 5(n_L,n_i_) = — = Z fc|| = l k± . (24) 

9( n \\,k\\) = 9{n±,k±) = — = Z fe|| = Z fei . 

Remark. The signs not related to the metric g are chosen so to be the same 
with the signs related to the metric g. 
We have now the relations 

lo = g(u, k) = l u ■ 0(n||,fc||) = l u ■ g{n±,k±) . (25) 

If n± is interpreted as the unit vector in the direction of the propagation of 
a signal in the subspace orthogonal to the contravariant vector field u and l u 
is interpreted as the absolute value of the velocity of the radiated signal then 
l u ■ n± is the path along n± propagated by the signal in a unit time interval. 
Then 

uj = g(u ± ,k±) , u±:=l u -n± , g(u,u±) = . (26) 
Let us now consider more closely the explicit form of k± 

_ LO 

k± = Th ± ■ n± = Ty ■ n± . 
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(a) In 3-dimensional Euclidean space (as model of space-time of the Newto- 
nian mechanics) the wave vector k is defined as 

where n is the unit 3-vector in the direction of propagation of a signal with 
absolute value of its velocity l u — A • v. If we express A by A — l u /v and put the 
equivalent expression in this for k we obtain the expression 

— > 2tt ■ V _> LU _> 

k = — : ■ n = — ■ n , 

which (up to a sign depending on the signature of the metric g) is identical with 
the expression for k± for n = 3 if fc^ = k , ~n = n±, and lu = 2 • 7r • v. 

(b) In 4-dimcnsional (pscudo) Ricmannian space (as a model of space-time 
of the Einstein theory of gravitation) l u is interpreted as the absolute value of 
the velocity of light in vacuum (normalized by some authors to 1), i.e. l u = c, 
1. Then 

LU „ 2 • 7T • fy _ 2 • 7T _ 

fc_L = T— • n± = T— : n± = T~ r~ ' n -L 

c A • v A 

and we obtain the expression for the wave vector of light propagation in general 

relativity, where n± is the unit vector along the propagation of light in the 

corresponding 3-dimensional subspace of an observer with world line x l (r) if 

d Id 

l u is the velocity of light measured by the observer. 

(c) In the general case for k± as 

lu could also be interpreted as the frequency of a signal propagating with velocity 
with absolute value l u in a frame of reference of an observer with world line x l (r) . 
The unit vector n± is the unit vector in the direction of the propagation of the 
signal in the subspace orthogonal to the vector u. The velocity of the observer 
is usually defined by the use of the parameter r of the world line under the 
assumption that ds = l u ■ dr, where ds is the distance of the propagation of a 
signal for the proper time interval dr of the observer 

d d ^ d 

dr j- ■ ds u ds 

Remark. Usually the velocity of a particle (observer) moving in space-time 
is determined by its velocity vector field u= where r is the proper time of 
the observer. The parameter r is considered as a parameter of its world line 
x 1 (t). By the use of u and its corresponding projection metrics h u and h u a 
contravariant (non-null, non-isotropic) vector field £ could be represented in two 
parts: one part is collinear to u and the other part is orthogonal to u 

£ = - • <?(£, u) ■ u + g[h u {0] = £|| + £± , 
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where 



£\\ = ^-9{t,u)-u , U=g[h u {0] , s(£||,£l) = . 

1. If an observer is moving with velocity v = J= on its world line x 1 (t) 
then its velocity, considered with respect to the observer with velocity u and 
world line x 1 {t), will have two parts v\\ and v±, collinear and orthogonal to u 
respectively at the cross point t — t of both the world lines x 1 (t) and x 1 (t) 

v = ^-g(v,u)-u + g[h u (v)]=v\\+v± . 

The vector v\\ describes the motion of the observer with velocity v along 
the world line of the first observer with velocity u. The vector v± describes 
the motion of the second observer with velocity v in direction orthogonal to 
the world line of the first observer. The vector v± is the velocity of the second 
observer in the space of the first observer in contrast to the vector uy describing 
the change of v in the time of the first observer. 

2. If we consider the propagation of a signal characterized by its null vector 
field k the interpretation of the vector field u tangential to the world line of 
an observer changes. The vector field u = l u ■ n« is interpreted as the velocity 
vector field of the signal, propagating in the space-time and measured by the 
observer at its world line x % (r) with proper time t as a parameter of this world 
line. The absolute value l u of u is the size of the velocity of the signal measured 
along the unit vector field n\\ collinear to the tangent vector of the world line of 
the observer. 

3. In Einstein's theory of gravitation (ETG) both interpretations of the 
vector field u are put together. On the one side, the vector field u is interpreted 
as the velocity of an observer on its world line with parameter t interpreted as 
the proper time of the observer. On the other side, the length l u of the vector 
field u is normalized either to ±1 or to ±c = const. The quantity c is interpreted 
as the light velocity in vacuum. The basic reason for this normalization is the 
possibility for normalization of every non-null (non-isotropic) vector field u in 
the form 

n u = — =n\\ , where l u =| g(u, u) | 1/2 ^ , 

by the use of its different from zero length (l u ^ 0), defined by means of the 
covariant metric tensor g. 

Both the interpretations of the vector field u (as velocity of an observer 
or as velocity of a signal) should be considered separately from each other for 
avoiding ambiguities. The identification of the interpretations should mean that 
we assume the existence of an observer moving in space-time with velocity u 
and emitting (or receiving) signals with the same velocity. Such assumption 
does not exist in the Einstein theory of gravitation. This problem is worth to 
be investigated and a clear difference between both interpretations should be 
found. It is related to the notions of distance and velocity in spaces with affine 
connections and metrics. 
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3 Distance and velocity in a (L n , g)-space 

3.1 Distance in a (L n , g)-space and its relations to the no- 
tion of velocity 

1. The distance in a (L n , g)-space between a point P € M with co-ordinates 
x 1 and a point P S M with co-ordinates x 1 — x l + dx % is determined by the 
length of the ordinary differential d, considered as a contravariant vector field 
d = dx l ■ di [BJ. If we denote the distance as ds between point P and point P 
then the square ds 2 of ds could be defined as the square of the length of the 
ordinary differential d 

ds 2 =g(d,d)=±l 2 d =g I --dx i -dxi , l 2 >0 . (27) 

2. Let us now consider a two parametric congruence of curves (a set of not 
intersecting curves) in a (L n , g)-space 

x i =x i (T,r(r,X))=x i (r,X) , (28) 

where the function r — r(r, A) £ C r (M), r > 2, depends on the two parameters 
r and A, r, A € R. Then 

dr(r, A) , drir, A) n 
= — • dr + — • dA 

OT OA 

and 

4 ^'(r,r(r,A)) ft^r, r(r, A)) dr(r, X) dr(r, A) 

^ = ^ dT + ( ^^' dT + ^A— ' dA) = 

= dx l (r,r(r,X)) + dx l (r,r(r, X)) dr(r, A) _ ^ + 

dx\T,r{T,X)) dr(r,X) 



dr dX 



dX 



or 



where 



and 



dx i = (n i +|^«„)-dr+| i ~-rfA 



dx*(T 7 r(r, A)) _ gKr, A) 7i _ dxHj , r(r , A)) 

ar or Or 



d = dx l • <9 4 = dr ■ (u + l v -0 + (dr/dX) ■ dX ■ £ , 

f- • £- • 

The change of the contravariant vector field d under the change dr of the 
parameter r could be expressed in the form 

d dx % , 7 _,• _ • da; 2 

— = — — • = u + <„•£ = u ■ di=u , u = — — , 
dr dr dr 
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where the relations are valid 



g(u, u) = g(u, u) + l v ■ g(£, u) , 

g(u, u) = g(u + l v -€,u + l v -£) = 

= g(u,u) + 2-l v -g(u,l) + l 2 v -g{l,l) . 

The contravariant vector field u = u l -di is usually interpreted as the velocity 
of an observer moving in a space-time described by a (L n , g)-spacc as its model. 
The contravariant vector u is a tangent vector field to the curve x 1 (t, r(r, A) = 
r = const.) = x 1 (t, A = A = const.) 

dx l 

u = u % -di = -t— ■ d l , 

OT 

u = — ■g(u,u)-u + g[h u (u)] . 

g{u,u) 

The contravariant vector £ is a collinear vector to the tangent vector £ to 
the curve x 1 (t = t = const., r(r , A)) = x l (r = r = const., A). Since 

then 

dx l _ dx l (T,r(r, A)) _ dx l (T,X(r, r)) _ dx l dX _ 4 

dr dr dr dX dr dr 

where 

r = r(X,T) , A = A(r,r) , 

or or oA 

3. Further, since we wish to consider the vector field u as the velocity vector 
field of an observer moving at the curve x 1 (t, A = A = const.) interpreted as 
his world line, the vector field £ (and £ respectively) could be chosen to lie in 
the subspace orthogonal to u, i.e. u and £ could obey the condition g(u, £) = 
and, therefore, £) = 0, £ = £_l = ff[M£)], and £ = 

4. In the next step, we could consider the vector field £ as a unit vector field 
in direction of the vector field £, i.e. 

£_l = n± = p- , g{u, nj_) = , 
9(£±,€±) =9(n±,n±) = -p- -g{t±,U) = Tjr ■ l L = Tl , 
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After all above considerations for £j_ and £ ± we obtain the relations 

g(u,u) = g(u,u) , 

g{u,l±) = l v ■ g(t±,I±) = U ■ g{n±,n±) = , 

g{u,u) = g{u, u) + l 2 v - g(n ± ,n ± ) = 
d<? 

= ±l 2 ^l 2 = — 

dr 2 ' 

rU 2 rl d I 2 

— - a (— JL) - ±f zr I 2 - ±f .(I- 1 -") 

dr 2 ~ 9( dT> rfr J '» T '" ( I 2 ' ■ 



Moreover, 



dr 

dx l = (u 1 + l v ■ n l j_) ■ dr + — ■ dX ■ n z ± , 

uX 

dr 

d = dr ■ (u + l v ■ n±) + — ■ dX ■ n± — 
oX 

dr 

= dr ■ u + (dr ■ l v + — ■ dX) ■ n± = 
dX 

= dr ■ u + dr ■ n± , 
dr 

dr = dr ■ l v + — ■ dX , 
dX 

dr(r, A) _ dX _ 

dr dr 

u = u + l v ■ n± , g(u, u) — g(u, u) , 
n±=g[h u (n±)] , 



ds 2 = g(d, d) = dr 2 ■ g(u, u) + (dr ■ l v + ■ dX) 2 ■ g(nj_,n±) 

dX 

dr 

= ±dr 2 -l 2 uT (dT-l v + j-- d\) 2 = ±dr 2 ■ l 2 u T dr 2 ■ l 2 v = 



= ±dr 2 ■ ll T dr 2 == ±{l 2 u ■ dr 2 dr 2 ) = ±dr 2 ■ (l 2 u - jj) = 



2 / 2 i j„2 i_n2 j_2 jJ2.\ lj_2 (ll _ 

dT 2 ' 

2 111 ,2\ 



= ±dT 2 -{li-l 2 v ) , 

Therefore, 

ds> = g {d,d)=±dT 2 -(ll-ll) , (29) 

*».(,-§, . (30, 

5. In the non-relativistic field theories the distance between two points 
P e M and P e M is defined as 

ds 2 = Tdr 2 

and l u = 0. This means that the distance between two neighboring points P and 
P is the space distance measured between them in the rest (proper) reference 
frame of the observer (with absolute value l u of his velocity u equal to zero). 
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The time parameter r is not considered as a co-ordinate in space-time, but as 
a parameter, independent of the frame of reference of the observer. 

6. In the rclativistic field theories and especially in the Einstein theory 
of gravitation dr is considered as the space distance between two neighboring 
points P and P and l u ■ dr is interpreted as the distance covered by a light signal 
in a time interval dr, measured by an observer in his proper frame of reference 
(when the observer in it is at rest). The quantity l u is usually interpreted as the 
absolute value c of a light signal in vacuum, i.e. l u = c, or l u is normalized to 1, 
i.e. l u = 1, if the proper time interval dr is replaced with the proper distance 
interval ds — c • dr, i.e. u = is replaced with v! = = j^, ds = c- dr. 

Therefore, there is a difference between the interpretation of the absolute 
value l u of the velocity of an observer in classical and relativistic physics 

(a) In classical physics, from the above consideration, it follows that l u = 
(observer at rest) and ds — dr is the distance as space distance. l v is the 
absolute value of the velocity between the observer at rest and a point P in its 
neighborhood.. 

(b) In relativistic physics l u = c, or = 1, and l u is not the absolute value of 
the velocity of the observer but the velocity of the light propagation which the 
observer could measure in his proper frame of reference. If we wish to interpret 
l u as the absolute value of the velocity of the observer himself we should assume 
that l u ^ c or 1 (if the observer is not moving with the speed of light). 

• There is the possibility to identify l u with l v as the absolute value of 
the velocity of the observer at a point P at his world line, measured 
with respect to a neighboring point P with the same proper time as the 
point P. Under this assumption, the ordinary differential becomes a null 
(isotropic) vector field [g(d, d) = 0, l d = 0, l u = l v ^ 0] in the proper 
frame of reference of the observer. 

• We could also interpret l u as the absolute value of the velocity of the 
observer with respect to another frame of reference or 

• we can consider l u as the absolute value of the velocity of a signal coming 
to the observer with velocity, different from the velocity of light. On the 
basis of the last assumption we can describe the propagation of signals 
with propagation velocity different from the velocity of light (for instance, 
the propagation of sound signals or (may be) gravitational signals). 

If l v = then u = u and u could be 

• the velocity vector field u = -4- of an observer (l u ^ 0, u = l u ■ rz.ii ) in his 
proper frame of reference along his world line. Since in his proper frame 
of reference the observer is at rest, u could be interpreted as the velocity 
of a clock measuring the length (proper time) of the world line by the use 
of the parameter t or 

• the velocity of a signal detected or emitted by the observer. 
3.2 Measuring a distance in (L n , g)-spaces 

A. If the notion of distance is introduced in a space-time modeled by a (L n ,g)- 
space we have to decide what is the meaning of the vector field u as tangent 
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vector to a trajectory interpreted as the world line of an observer. On the basis 
of the above consideration, we have four possible answers for the meaning of the 
vector field u as 

1. Velocity vector field of a propagating signal in space-time identified with 
the tangent vector field u at the world line of an observer. The signal is detected 
or emitted by the observer on his world line and the absolute value l u of u is 
identified with the absolute value of the velocity of the signal in- or outcouming 
to the observer. 

2. Velocity vector field of an observer moving in space-time. In this case 
l u 7^ and the space-time should have a definite metric, i.e. Sgng — ±n, 
dimM = n (for instance, motion of an observer in an Euclidean space considered 
as a model of space-time). The observer, moving in space-time could consider 
processes happened in its subspace orthogonal to his velocity. The observer will 
move in a flow and consider the characteristics of the flow from his own frame 
of reference. 

3. Velocity of a clock moving in space-time and determining the proper time 
in the frame of reference of an observer. The velocity u of the clock in space-time 
is with fixed absolute value l u , i.e. l u = const. The time interval dr measured by 
the clock corresponds to the length ds of its world line, i.e. dr 2 = ± const. -ds 2 . 
Under the assumption for the constant velocity of the clock we consider in it a 
periodical process which indicates the time interval dr in the proper frame of 
reference of the clock and of the observer respectively. 

4. Velocity u of a (n — l)-dimcnsional subspace moving in time with l u =/= 0. 
If the subspace deform in some way, the deformations reflect on the kinematic 
characteristics of the vector field u and u is used as an indicator for the changing 
properties of the subspace, considered as the space of an observer (laboratory) 
where a physical system is investigated. This type of interpretation requires 
not only the existence of the velocity vector field u with l u ^ but also the 
existence of (at least one) orthogonal to u vector field g(u,£±) = 0, lying in 
the orthogonal to u subspace T ±U (M). 

All indicated interpretations could be used in solving different physical prob- 
lems related to motions of physical systems in space-time. 

B. After introducing the notion of distance, the question arises how a space 
distance between two points in a space could be measured. We could distinguish 
three types of measurements: 

1. Direct measurements by using a measuring device (e.g. a roulette, a linear 
(running) meter, yard-measure-stick etc.) 

2. Direct measurements by sending signals from a basic point to a fixed 
point of space and detecting at the basic point the reflected by the fixed point 
signal. 

3. Indirect measurement by receiving signals from a fixed point of space 
without sending a signal to it. 

Let us now consider every type of measurements more closely. 

1. Direct measurements by using a measuring device. The space distance 
between two points A and B in a space could be measured by a second observer 
moving from point A (where the first observer is at rest) to point B in space. 
At the same time, the second observer moves in time from point B to point 
B'. The space distance measured by the observer with world line AA' could be 
denoted as A r = AB and the time period passed asAr = AA' . This is a direct 
measurement of the space distance AB =A r from point A to point B in the 
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space during the time AA' =A r. It is assumed that point A and point B are 
at rest during the measurement. Instead of measuring the space distance AB 
the observers measure the space distance A'B' which exists at the time t+ A r 
if the measurement has began at the time r from the point of the first observer 
with world line AA' . 

2. Direct measurements by sending signals from a basic point to a fixed point 
of space and detecting at the basic point the reflected by the fixed point signal. 
The space distance between two points A and B in a space could be measured 
by a sending a signal with velocity with absolute value l u ^ 0. Then AB of the 
curve x % {t — r ,r) through point B is the distance A r at the time t(A) = r 
and t(B) = r . 

A'B 1 of the curve x 1 (t = r + A r, r) is the space distance A r' at the time 
t(A') = t\. At this time the signal is received at point B' which is point B at 
the time t\, i.e. t(B') — t\. B'A' is the space distance between B and A at 
the time t(A') = n, where t(B') = n, t(B") — t 2 . At the time (Y2) the point 
B(t ) will be moved in the time to point B"(t2). The signal will be propagated 

(a) for the time interval AA' = t\ — To to the point B' at the time T\ at the 
space distance A r = l u ■ (t\ — To), where l u is the velocity of the signal measured 
by the observer with world line AA' . 

(b) for the time interval A' A" from point B' at the time t\ to the point 
A" at the time T2 at a space distance l u ■ (T2 — t\). The whole space distance 
covered by the signal in the time interval AA' A" = A r = r 2 — r is /„ • (T2 — r ) = 
lu ■ (T2 - ri) + Z u • (ti - r ). 

If we now assume that point A and point B are at rest to each other and 
the space distance between them does not change in the time then 

lu ■ (t 2 - Tl) = l u ■ (Ti - T ) 

and 

lu ■ (r 2 - T ) = 2 • l u ■ (ti - t ) = 2 • A'B'(ti) = 2 • AB(t ) . 

Therefore, the space distance between point A and point B (at any time, if 
both the points are at rest to each other) is 

AB = i • l u ■ (t 2 - T ) , 

where A t = T2 — To is the time interval for the propagation of a signal from 
point A to point B and from point B back to point A. 

3. Indirect measurement by receiving signals from a fixed point of space 
without sending a signal to it. If the space distance between point A and point 
B is changing in the time and at point B there is an emitter then the frequency 
of the emitter will change in the time related to the centrifugal (centripetal) or 
Coriolis' velocity between both the points A and B. Therefore, a criteria for 
no relative motion between two (space) points (points with one and the same 
proper time) could be the lack of change of the frequency of the signals emitted 
from the second point B to the basic point A. [But there could be motions of 
an emitter which could so change its frequency that the changes compensate 
each other and the observer at the basic point A could come to the conclusion 
that there is no motions between points A and B.] 

If an emitter at point B(to) emits a signal with velocity u and frequency 
U then this signal will be received (detected) at the point A'(ti) after a time 
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interval AA! =A r = t\ — r by an observer (detector) moving in the time 
interval A r from point A(tq) to point A'(t\) on his world line x 1 (t). If the 
emitter is moving relatively to point A with relative velocity re iv the detected 
at the point A' frequency ui will differ from the emitted frequency uj. If both 
the points A and B are at rest to each other then uJ = uj. 

C. The question arises how can we find the space distance between two points 
A and B lying in such a way in the space that only signals emitted from the one 
point (point B) could be detected at the basic point (point A), where an observer 
detects the signal from point B. First of all, if we knew the propagation velocity 
l u of a signal and the difference uj — uj between the emitted frequency oJ and the 
detected frequency uj we can try to find out the relative velocity between the 
emitter (at a point B) and the observer (at a point A). For doing that we will 
need relations between the difference uJ — uj and the relative velocity between 
both the points. Such relations could be found on the basis of the structures of 
the relative velocity and its decomposition in centrifugal (centripetal) relative 
velocity and Coriolis' relative velocity. 



4 Kinematic effects related to the relative ve- 
locity 

1 . Let us now consider the change of a null vector field k under the influence of 
the relative velocity of the corresponding emitter and its frequency with respect 
to an observer detecting the emitted radiation by the emitter. 

Let k± be the orthogonal to u part of the null vector field k corresponding 
to the null vector field k after the influence of the relative velocity re jv 

k = k+ re ik, ~k = k\\+k 1 _ , k = k\\+k±_ , rel k = re ik\\ + rel kj_ , (31) 
k± = k±_ + re ik± , (32) 

where re i /^depends on the relative velocity re \v. 
If k = k + re ik then 

g(k,k) = = g{reik, rei fc) + 2 • g(k, rei k) , 

9{relk, relk) — —2 • g(k, re lk) 

If rel k = C ■ k then k = k + C ■ k = (1 + C) ■ k and g(k,k) = = (1 + 
C) 2 • g(k, k) = for VC e C r (M). Therefore, the assumption that rei fc = C ■ k, 
C 7^ 0, leads to a mapping of the vector field k as a null vector field into a new 
null vector field k under the influence of the relative velocity between emitter 
and detector. Then 

relk = C- k = C- (fc|| +fcj_) , (33) 

A uj = g(u, reik) = C ■ g{u, k) = C ■ g(u, fey) = C ■ uj , (34) 

g(k,u) = g(k,u) + g{reik,u) , (35) 

uj = uj + C-uj=(1 + C)-uj , (36) 

1\uj = C -uj = u5 -uj , (37) 
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g(reik,n±) = g(C ■ k,n±) = g{ re ik±,n±) = C ■ g(k±,n±) = (38) 
= C-y , (39) 

I'll 



reik\\ = ■ n\\ = ±C ■ y ■ n\\ , (40) 

A LO __ LO _ 

rei fcx = ±-— • n_L = ±C • — • n_L . (41) 

The problem arises how can we find the invariant function (factor) C before 
k depending on the relative velocity re iv and the velocity of the signal l u . Since 
i rei feil = l rel k± we can find in this way the whole structure of re\k — rel ^| relk_\_- 

In the previous sections we have considered the representation of k as k = 
fc|| + k±, where 

LO LO 

fc|| = ±Z fe|| • n\\ — ±— • n\\ , Zfcn = — , 
fc± = Th ± ■ n± = Ty ■ n± , h ± = y = h n ■ 

The unit vector n± is orthogonal to the vector u, i.e. g(u,n±) — because 
of g{u,k±) = Th ± ■ g{u,n±) = 0, l k± ^ 0, l u ^ 0. Therefore, g(n±,n±) = 
Tl = Ti| x , in ± 7^0. 

We can represent the unit vector n± (orthogonal to u) in two parts: one 
part collincar to the vector field £ x (orthogonal to u) and one part orthogonal 
to the vectors u and i.e. 

n± — a ■ n± + [3 ■ m± , (42) 
g(n ± ,n±) = Tl = Tln ± > h ± > , fo x = 1 , (43) 



where 



n± = j±- ' S( n -L. u )=° - g(n±,n±) = Tl = Tll ± , (44) 

Zn x > , Z„ x = 1 (45) 



m_L = -p- , fif(mj_,u)=0 , ff(mj_,£i) = . (46) 

The vector field v c is the Coriolis velocity vector field orthogonal to u and 
to the centrifugal (centripetal) velocity v z collinear to Since 

v c = ±l Vc -m± , g(v c ,v c ) = Tll c , (47) 

we have 

g(m_L,m_L) = =Fl = Tlm ± , l m± > , l m± = 1 . (48) 

The Coriolis velocity v c is related to the change of the vector £± in direction 
orthogonal to u and £x- 
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Since n± is a unit vector as well as the vectors n± and mj_, and, further, 
g(n±,m±) = 0, we obtain 

g(n±,n±) = =pl = g(a ■ n± + (i ■ m±,a ■ n± + (3 ■ m±) = 
= a 2 ■ g(n±,n±) + [3 2 ■ g(m±,m±) = 
= To?TP 2 ■ 

Therefore, 

a 2 + (i 2 = 1 . (49) 

On the other side, 

g{n±,n±) = g(a -n±+(3- m±,n±) = 

= a ■ g(n±, n±) = =fa , 
g{n±,m±) =g(a-n± + f3 ■ m±,m±) = 

== P ■ g(n±,n±) = T/3 • 

i.e. 

a = Tg(nj_,nj_) — Th ± • l n± • cos(nj_,n±) = cos(n±,nj_) , (50) 
P = Tg(n±,m±) = Th ± -l m± -cos(n±,m±) = Tcos(n±,m±) . (51) 

Therefore, a and (} appear as direction cosines of n± and m± with respect 
to the unit vector n±. Since 



cos 2 (n± , n ± ) + cos 2 (n±, m± ) = 1 



it follows that 



cos 2 (nj_, mj_) = 1 — cos 2 (nj_,n^) = 1 — sin 2 (nj_, m_i_) = sin 2 (n_i_,n±) , 

sin 2 (n±, mj_) = cos 2 (n±,nj_) , 
cos(n±, mi) = ± sin (nj_, n_i_) , 

a — =F cos(n±, n±) , (52) 
(i = ^fsin (nj_, n±) . (53) 

n± = a ■ n± + (i ■ m± = 

— =F[cos(nj_, n±) ■ n± + sin (n±,n±) ■ m±] . (54) 

Further, since k± — Th± • n± then (see above) 

fcj_) = l 2 k± ■ g{n±,n±_) = , g{n±, nj_) = =f1 , 

IV LO LO 

k± = Ty ■ n± , fc|| = ±— • U|| , l k± = — = ifc,, , 

^ti ^ti 

g(n ± ,k±) = Th ± ■ g{n±,n±) = — = l k ^=l k± . 

2. For the contravariant null vector field k we have analogous relations as 
for the contravariant null vector field k (just changing k with k and with To) 

k — fcii + k± , To = g(u,k) , (55) 
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=±f -n\\ , % = f , (56) 
k±=T-j--n x , k x = r = l h ' ( 57 ^ 

I'll VlL 



g(n ± , k ± ) = Tlf: ± • g(n±,n±) = — = % = % x . (58) 



/ 

From fc = fc + re ;/c, fci = fcj_ + reik±, and 



=F— • = Ty^ ■ «± + reife_L , (59) 



it follows that 



g(n±,k) = g(n ± ,k) + g(n±, re ik) , 
g(rix,k±) = g(rix,kx) + g{nx, reik±) , (60) 

UJ UJ . , ~ \ 

1- = y~ +3(reiK-L,^Xj • (61) 

The vectors and k± are collinear to each other. This means that the last 
term g( re ik±, n±) in the previous expression should be proportional to k±, i.e. 
reik±_ = C • At the same time, it should contain in its factor C before fc_i_a 
dimensionless term describing the influence of the relative velocity re iv on the 
null vector field k. This term should take into account the fact that re iv should 
act in the direction of n± if its influence is on k± — =pp • nj_and as a result it 
leads to k± — ^ff- ■ n±, i.e. it leads to a new vector k± collinear to fcj_. On this 
basis, the conclusion could be made that we can define re ik± in the form 

relk± = — ■ g{reiv,n±) ■ k± . (62) 

Therefore, from the expressions 

uj uj „ uj 1 „ „ 

j- = j- + g[reik±,n±) = — + — ■g[ T eiv,n±) ■g[k±,n±) = 

UJ 1 , „ . UJ 

follows the relation 

57 = uj + ^- ■ g( re iv,n±) ■ lu . (63) 

3. Since re iv = v z + v c and n± = a ■ nj_ + [3 ■ mi, we can find the explicit 
form of the term with g( re iv, n±). By the use of the relations 1 1 1 j 

g(reiv,nj_) = g(v z + v c ,n±) = g(v z ,n±) + g(v c ,n±) , (64) 
g(v z ,ri±) = g{v z ,a ■ n ± + (3 ■ mi) = a ■ g{v z ,n±) + /3 • g{v Zl m ± ) = 

= a-g{v z ,n ± ) , (65) 
g(v c , n ± ) = g(v c , a-n± + (5- mj_) = a ■ g(v c , n±) + (3 ■ g(v c , mi) = 

= & ■ g(v c ,m±) , (66) 
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v z = ±l Vz ■ n± = H ■ 1{ X ■ nj_ 
v c = ±l Vc ■ m± = H c ■ k ± ■ mj_ 

Remark. The signs ± before l Vr and l Va are not related to the signature of 
the metric g. They are showing the direction of v z and v c with respect to the 
units vectors n± and m± respectively. 

For g(reiv,n±) we obtain 

g{reiv, nx) = g(v z + v c , a ■ n±_ + (3 ■ m ± ) = (69) 
= a ■ g(v z ,nx) + ■ g(v c , mi) = 
= a ■ g(±l Vz ■ n±,n±) + (3 ■ g(±l Vc • m±,m±) = 
= ±a-l Vz ■ g(n±,n±) ± (3 ■ l Vc ■ g(m±,m±) = 
= -a ■ l v , - /3 ■ l Vc = -(a ■ l Vz + P ■ l Vc ) . (70) 

For ZJ = uj + j- ■ g( re iv, n±) ■ ui the relation follows 

ZJ = u) - — ■ (a ■ l Vz + (3 ■ l Vc ) ■ lu . (71) 

'■u 

Since l Vz = ±iJ • and l Vc — ±H C ■ , it follows further 

ZJ = ujTj--{a-H + (3-H c )-l u -Lu . (72) 

Remark. The explicit forms of H and H c will be given below in the consid- 
erations of the Hubble and the aberration effects. 
Therefore, for U and u> we have the relations 

(a) 

uJ = uj - — • (a • l Vz + /3 • l Vc ) • u , 

(b) 

cJ = w=F — ■ (a - H + (3 ■ H c ) ■ l£ x ■ uj 

'■u 

On the basis of the relations (a) and (b) different kinematic effects could 
be considered related to the Doppler effect, to the Hubble effect, and to the 
aberration effect. 

4.1 Standard (longitudinal) and transversal Doppler ef- 
fects 

The expression for ZJ could also be written in the form 

S=[l-(a.^+/J.^)]- W , (73) 

where ZJ is the frequency of an emitter moving with centrifugal (centripetal) 
velocity v z = ± l Vz ■ n± and with Coriolis' velocity v c — H Vc ■ m± relative to 
an observer (with detector) jll) . The emitted signals propagate with velocity 
u = l u ■ ran with respect to the observer, where u is the tangent vector to the 



(67) 
(68) 
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For to < lo 



world line of the observer (detector). The detected signals are with frequency 

LO. 

(a) If l Vc = and the emitter moves only away or to the observer, i.e. if 
a = ±1, (3 = 0, then 

W=(l±y*-)-W . (74) 

For U > lo 

uJ=(1+ 1 -^)-lo . (75) 

57=(l-^)- W . (76) 
If we express the frequencies as Zo = 2 • ir ■ v and lo = 2 • ir ■ v we obtain 

T7>*/:l7=(l + ^).i, , (77) 

V <v:V=(\- l ^-)-v . (78) 

The last relations represents a generalization of the standard (longitudinal) 
Doppler effect in (L„, <?)-spaces. 

(b) If l Vz = and the emitter moves only around an observer (detector) with 
the Coriolis velocity v c = ±l Vc ■ m±, i.e. if a = 0, (3 = ±1, then 

57=(l±y^)-w . (79) 

For U > lo 

u=(l+ l f-)-to . (80) 

For ZJ < uj 

57=(l-^)- W . (81) 
If we express the frequencies as uJ = 2 • tt ■ v and lo = 2 • tt ■ v we obtain 

V>v:V=(\+ l ^)-v , (82) 

V <v:V=(l-j±)-p . (83) 

The last relations represent a generalization of the transversal Doppler effect 
in (L n , <?)-spaces. The relations have the same forms as these for the standard 
(longitudinal) Doppler effect but the direction of the emitted signals changes 
in the time in contrast to the standard Doppler effect. In the expressions for 
the standard Dopller effect only the centrifugal (centripetal) velocity v z is re- 
placed with the Coriolis velocity v c for receiving the relations for the transversal 
Doppler effect. 

(c) If l Vz and l Vc ^ then we have an accumulation of both types of the 
Doppler effect 

EJ=[l-(a-^ + /?A)]- W . 
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We have considered the Doppler effects without taking into account the 
structures of the centrifugal (centripetal) velocity and of the Coriolis velocity. 

It should be stressed that the generalized Doppler effects are a result of pure 
kinematic considerations of the properties of a null (isotropic) vector field by 
means of the kinematic characteristics of the relative velocity in spaces with 
affine connections and metrics. 



4.2 Hubble's effect 

The Hubble's law has been considered on the grounds of the structures of the 
centrifugal (centripetal) velocity Its connection to the change of the fre- 

quency of an emitter could be found if we take into account the structures of 
the centrifugal (centripetal) velocity and the Coriolis velocity. 

Let us now consider the standard (longitudinal) Doppler effect when the 
emitter has only centrifugal (centripetal) velocity with respect to the observer. 
Then a = ±1, = and 

57=(l±^i).w . 

Since ±l Vz = H ■ l^ ± , v z — H ■ ■ nj_ we obtain for the frequency i~o of the 
emitter 

UJ = LO + H ■ -|i • LO . (84) 
'■u 

The measured by the observer signals with frequency lo and the emitted by 
the emitter signals with frequency 57 are related to each other by the Hubble 
function H and on this basis to the Hubble law. Therefore, the radiation with 
frequency w by the emitter could be expressed as 

u = (1 + H- -pO-w (85) 

and it will be detected by the observer as radiation with frequency ui. The 
relative difference between both the frequencies (emitted ZJ and detected lo) 



appears in the form 



LO l u 

If we introduce the abbreviation 



LO 

we obtain the relation between the emitted frequency lo and the frequency u 
detected by the observer in the form 

^^ = z , lo = (1 + z)-lo , z = H- 1 -^- . (88) 

LO l u 

The change of the frequency Zo under the motion of the emitter with cen- 
trifugal (centripetal) velocity v z relative to an observer is called Hubble's effect. 
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The quantity z could be denoted as observed Hubble 's shift frequency param- 
eter. If z = then H = 0, v z — 0, and there will be no difference between the 
emitted and the detected frequencies, i.e. U = u>, i.e. for z = 0, it follows that 
uJ = lo. If we take into account the explicit form of the Hubble function 

H=-^— ■■STff(ni,ni) , (89) 
n — 1 

then z = leading to H — will be the case if 

6 = ±(n-l)-a(nj_,nj_) . (90) 

If z > the observed Hubble shift frequency parameter is called Hubble's 
red shift. If z < the observed Hubble's shift frequency parameter is called 
Hubble's blue shift. If uJ and ui are known the observed Hubble'ss shift frequency 
parameter z could be found. If uo and z are given then the corresponding uj could 
be estimated. 

On the other side, from the explicit form of z 

z = H- l j± = [-!—.eTo-(n ± ,n ± )}- l j± (91) 

we could find the relation between the observed shift frequency parameter z and 
the kinematic characteristics of the relative velocity such as the expansion and 
shear velocities. 

Special case: (L n , <?)-spaces with shear-free relative velocity: a := 0. 

z = ^—-e- l f- , H = ^—-e . (92) 

n — 1 /„ n — 1 

Special case: (L n , (^-spaces with expansion-free relative velocity: 9 := 0. 

z = -fo~(nj_, nj_) ■ ~y^~ , H = To-(n±, nj_) . (93) 

On the grounds of the observed shift frequency parameter z the distance (the 
length l^ ± of between the observer [with the world line x 1 {t) and velocity 
vector field u = and the observed object (at a distance from the observer) 
emitting radiation with null vector field k could be found as 

On the other side, if z, H, and are known the absolute value l u of the 
velocity vector u could be found as 

lu = ^ ■ l U = ' hi. ■ (95) 

Z LU — UJ 

Remark. In the Einstein theory of gravitation (ETG) the absolute value of 
u is usually normalized to 1 or c, i.e. l u = l,c. Then the last expression could 
be used for experimental check up of the velocity c of light in vacuum if z, H, 
and l^ ± are known 

H , H-lu , 

c= --k ± = =—,' 1 ^ ■ (96) 
z to — to 
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Since 

r 1 a I M k± OJ-UJ 

n — 1 t u w 

it follows that 

Z u = • [— !— ■9Tff(n i) ni)] -Z €x . (97) 

uj — uj n - 1 

Analogous expression we can find for the length of the vector field £_l 

l 6± = (n-l)-(--l)-— . (98) 

uj 6 =F (n - 1) • er(n_i_,n_i_) 

Special case: (L n , g)-space with shear-free relative velocity: ct := 0. 

' • » • 'i • (99) 



w — w n—\ 



lu=(n-l)-(^-l)-j ■ (100) 
Special case: (L„, g)-space with expansion-free relative velocity: 6 := 0. 

= T=— v{n±,n±) ■ Z ?x , (101) 

— 

^=T(-~1)- , , • (102) 

uj cr{n±,n±) 

By the use of the relation between the Hubble function H and the observed 
shift parameter z we can express the centrifugal (centripetal) velocity by means 
of the frequencies uj and uj. From 

v z = H ■ l i± ■ n± , H = z-^- = {--\)-^- , 

it follows that _ 

v z = z ■ l u ■ nj_ = ( l)-l u -n± . (103) 

UJ 

Then _ 

g(v z ,v z ) = T(--l) 2 -l 2 u = Tl 2 Vz , 

UJ 

lv. = ±(- - 1) ■ i„ , ± lv z = {--!) -In , (104) 

CO LU 

l Vz > , l u > 0, l s± > , (105) 
where (since l Vz > 0) 

w > u> : i„, = (- - 1) • /„ , (106) 

UJ 

uj <uj :l v = {!--)■ l u . (107) 

UJ 
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4.2.1 Einstein's theory of gravitation and the Hubble effect 

In Einstein's theory of gravitation it is assumed that l u = c and for all other 
velocities l Vz < c, l Vc < c. From the above expressions, it follows that for 

uJ > lo : L = ( 1) • l u < l u , 

LO 

- - 1 < 1 , l u > , 

LO 

i.e. the emitted frequency lo should be smaller than 2 • lo 

- < 2 , uJ < 2 • w . 
Then for To > lo the observed Hubble shift frequency parameter z < 1. For 
oJ < lo : l v = (1 ) ■ l u < l u , 

LO 

1 < 1 : <0:->0 , 

LO LO LO 

i.e. < l u is always fulfilled because of ZJ > and lo > 0. Therefore, if 
the Einstein theory of gravitation is a correct theory for description of the 
gravitational interaction under the assumption that the absolute value l u of the 
velocity of the light propagation is equal the absolute value c of the velocity of 
light in vacuum, then the red shift z could not be bigger that 1, i.e. z < 1 for 
uj > lo. Such a limit for z does not exist if lo < lo. If we could find experimentally 
that in some cases z > 1 then we should look for the reasons for this diversion 
from the theory of the Hubble effect based on the kinematic characteristics of 
the relative velocity. One of the possible reasons could be the influence of the 
aberration's effect on the Hubble effect. The aberration effect is considered 
below. 

4.3 Aberration's effect 

The aberration effect is related the transversal Doppler effect in analogous way 
as the Hubble effect is related to the standard (longitudinal) Doppler effect. 

Let us now consider the transversal Doppler effect when the emitter has only 
Coriolis' velocity with respect to the observer. Then a = 0, j3 = ±1, and 

UJ = LO ± y 2 - ■ LO , V c — ±l Vt , ■ 1TIJ_ . (108) 

The Coriolis velocity v c = ±l Vc ■ m± could be represented in the form 

v c = l i± ■ g[a(n±)} ± <r(n±,n±) ■ l i± ■ n± + l$ ± ■ g[co(n±)] = (109) 
= k ± -v c , (110) 



where 
Then 



v c =g[a(n±)]±a(nx,nx)-nx+g[u(nx)] ■ (111) 

v c = l i± ■ v c = ±l Vc ■ m± , 
v c = ±h c ■ m± , 
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v c = ±l Vc ■ mj_ = l i± ■ v c = l i± ■ (±l- a ■ mi) = ±l- c ■ l{ ± ■ mj_ = (112) 

= H c ■ l u • m ± , (113) 

v c = ±l% ± ■ ly c ■ m± = ±Z„ C ■ m± , ± l Vc = ±Z| ± • ly c , (114) 

Ivc = k± ■ h c , 9(vc, v c ) =v 2 c = Tl 2 Vc = Tl 2 u ■ 1% C ■ (H5) 
where 

H c = ±h c , ±l Vc =H c - l i± . (116) 

Then v c — ±l- c ■ ■ m± — H c ■ ■ m± (compare with v z — H ■ ■ n±). 
After introducing the last (previous) expression for l Vc into the relation for 
ZJ, it follows that 

U = uj± l -y L ■w = w + H c - l -j±-uj , H c = ±ly c . (117) 

The (invariant) function H c is called Coriolis' function. 
For the emitted frequency ZJ we obtain an analogous expression as in the 
case of the Hubble effect (only H is replaced by H c ) 

Zu= (1 + H C - -uj . (118) 

The detected by the observer frequency is lu if the emitter is moving with a 
Coriolis velocity v c around the observer and emitting signals with a frequency 
ZJ. The relative difference between both the frequencies (emitted ZJ and detected 

CO) 

UJ — Ul 



appears in the form 



" II, -'^ • (119) 



to 

If we introduce the abbreviation 

z c = (120) 

we obtain the relation between the emitted frequency ZJ and the frequency to 
detected by the observer in the form 



U) 



ZJ=(l + z c )-u; , Zc = Hc -^ = ±^ . (121) 



The change of the frequency ZJ under the motion of the emitter with Coriolis' 
velocity v c relative to an observer is called aberration's effect. 

The quantity z c could be denoted as observed aberration's shift frequency 
parameter. If z c = then H c — 0, v c — 0, and there will be no difference 
between the emitted and the detected frequencies, i.e. ZJ = to, i.e. for z c = 0, it 
follows that ZJ = u>. 

If z c > the observed aberration shift frequency parameter is called aber- 
ration's red shift. If z c < the observed aberration shift frequency parameter 
is called aberration's blue shift. If ZJ and ui are known the observed aberration 
shift frequency parameter z c could be found. If ui and z c are given then the 
corresponding ZJ could be estimated. 
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and 



On the other side, from the explicit form of z c 

z c = H c ■ -yi , H c = ±ly c , (122) 

we could find the relation between the observed shift frequency parameter z c 
and the kinematic characteristics of the relative velocity such as the shear and 
rotation velocities. 
Since 

< = Tl 2 Vc = Tit ■ ll = Tk ± ■ Hi = (123) 
= k± ■ {lj(.<r(n±), v{n±)) ± W(n±, n±)} 2 + g{u(n_i_),u)(n_i_))+ 
+ 2--g(*(n ± )Mn±))} . ( 124 ) 
it follows that 

H c = T{g(v(n±) 7 <j(n ± )) ± [a(n ±7 n ± )} 2 +g{u)(n±),u)(n±))+ 

+ 2-g(a(n ± )Mn±))} > ( 12 5) 

H c = ±{T{g(v(n±), v(n±)) ± [<r(n ± ,n ± )] 2 + g(u(n±), u)(n±))+ 

+ 2-g(a(n 1 _) 1 Lu{n 1 _))}} 1 ' 2 . (126) 

Remark. The quantity w in the structure of H c and v c is an antisymmetric 
covariant tensor of second rank lu e ^(M) = A 2 (M) interpreted as the rotation 
velocity tensor. It should be distinguished from the frequency lu detected by the 
observer. The tensor ui appears only in the structure of H c and z c in contrast to 
the frequency lu appearing out of these quantities. 

Special case: (L n , g)-spaces with shear-free relative velocity: a := 0. 

z c = ±[ T g(uj(n ± ),u(n ± ))} 1 / 2 ■ l f- , H c = ±[^g{u(n ± )Mn±))] 1/2 ■ 

(127) 

Special case: (L n , g)-spaces with rotation-free relative velocity: lu := 0. 

z c = ±{Tg(<T(n ± ),a(n 1 _))-[a(n ± ,n 1 _)} 2 }V 2 - l j± , (128) 

H c = ±{Tg{a{n 1 _),a{n ± ))-[a{n ± ,n 1 _)} 2 } 1 / 2 . (129) 

On the grounds of the observed aberration shift frequency parameter z c the 
distance (the length l^ ± of £j_) between the observer [with the world line x 1 (t) 
and velocity vector field u = 4-] and the observed object (at a distance l% ± from 
the observer) emitting radiation with null vector field k could be found as 

l u LU — LU l u 

l *- =Z °'W e = — 'H- e ■ (130) 

On the other side, if z c , H c , and are known the absolute value l u of the 
velocity vector u could be found as 

l u = ^-h ± = ^-h ± ■ (131) 

Z c LU — LU 
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Remark. In the Einstein theory of gravitation (ETG) the absolute value of u 
is usually normalized to 1 or c, i.e. l u = 1, c. The last (previous) expression for 
l u could be used for experimental check up of the velocity c of light in vacuum 
if z c , H c , and l^ ± are known 

c=^-lu=^--h,= (132) 

Z c UJ — U) 

= • {T{g((?(n±), <r(n±)) ± Kni.rii)] 2 + g(u(n±), uu(n±))+ 

UJ — UJ 

+ 2-g{n{n 1 _),uj{n 1 _))}} 1 ' 2 -l u . (133) 

Since _ 

Z €x u;-u; 

Z c — H c - — — 

lu U 

it follows that 

l u = =^-H c -l i± = ^-l i± . (134) 

LU — LU Z c 

Analogous expression could be found for the length of the vector field £_l 

Special case: (L n , <?)-space with shear-free relative velocity: a := 0. 

l u = ±J^—-[Tg{oj{n 1 _),uj{ni.))] 1,2 -h 1 . , (136) 

UJ — UJ 

w [=F5(w(«-L),w(n ± ))] 1 /2 
Special case: (L„,g)-space with rotation-free relative velocity: cj := 0. 

lu = — -k ± = ±=^~ ■ {Tg(<r(n±), *{n ± )) - [a(n ± ,n ± )] 2 } 1/2 ■ Z| ± , (138) 
z c w — lu 



k± Zc 'H c M ou 1} ' {Tg(cr(n ± ),a(n ± ))-[a(n ± ,n ± Wy/z ' (139) 

By the use of the relation between the Coriolis function i? c and the observed 
aberration shift parameter z c we can express the centrifugal (centripetal) veloc- 
ity v c by means of the frequencies uJ and lu. From 

v c = H c - l u ■ m± , H c = z c ■ = (- - 1) • , 



it follows that 



Then 



v c = z c ■ l u ■ m± = (— - 1) • l u ■ mj_ . (140) 



27 



lv e = ±(- - 1) • In , ±l Vc = {--!) -In , (Ml) 

UJ UJ 

l Vz > , l u > 0, k ± >0 , (142) 
where (since l Vc > 0) 

ZJ > uj : l Vc = (- - 1) • l u , (143) 

UJ 

ZJ < u : l v = (1 ) • l u . (144) 

Remark. Analogous considerations for the Einstein theory of gravitation as 
in the case of the Hubble effect could be made also for the case of the aberration 
effect. If l Vc < l u then from 

Zc = ±— °- , 

it follows that 

(a) for z c = +^ < = 1, 

(b) for z c = > -1: ^ < 1. 

If l u = c and l Vc < l u then for the case ZJ > u we have the condition z < 1. 
For ZU < w there is no such condition because l Vc < l u is fulfilled automatically. 



4.4 Accumulation of Hubble's effect and aberration's ef- 
fect 

If the relative velocity re iv of the emitter is a superposition of the centrifugal 
(centripetal) velocity v z and the Coriolis velocity v c with respect to the observer, 
i.e. if 

relV =V Z +V C , V z ^ , V c ^ , (145) 

then both the Hubble and the aberration effects influence each other. From 
the general expression for the emitted frequency U as function of the detected 
frequency uj 

u7=[l-(a.^+/3A)]. w , 

after substituting ±l Vz with ±l Vz = H ■l^ ± , l Vz = ±H ■ , and ±l Vc = H c ■ , 
l Vc = ±H C ■ , we obtain 

ZJ = uj T (a ■ H + (3 ■ H c ) ■ ■ u> , (146) 

ZJ = [1 t (a ■ H + (3 ■ H c )] • ^ • u . (147) 

The change of the frequency of the emitter is caused by both the velocities v z 
and v c . Instead of the Hubble function H (Hubble's effect) or of the aberration 
function H c (aberration's effect) a combination of both functions appear in the 
expression for ZJ. 

If we, further, express H and H c with z and z c respectively 

u lu u ^u 

H = z ■ - — , H c = z c - - — , 
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we obtain for lo 



Ul = U) =F (a • Z + P ■ Zc) ■ -, ' j — ' ^ = 

= lo =F (a • z + (3 ■ z c ) ■ lo . (148) 



and 



.^L = T (a. z + 0. Zc ) . (149) 
lo 

Both the Hubble effect and the aberration effect could compensate each 
other if 

a-z + f3-z c = , (150) 

i.e. if 
or if 



Zc = ~-j3' z > ( 151 ) 



Zc --T z - Hc 'x-~T n 'x ' (152) 

H c = -^-H . (153) 

Under the above conditions [z c = — (a/ (3) ■ z or H c = — (a/ (3) ■ H] there will 
be no change of the frequency lo of the emitter. The same frequency uj = lo will 
also be detected by the observer. 

Since a = =F cos(n±, n±) and (3 = ^fsin (n±, n±) the relations for z c and H c 
will take the form 

a cos (n±,n ± ) l u 

z c = ■ z = — r ■ H ■ — = (154) 

[3 sin(n±,n±) l u 

= -H- l j±-cotg(n ± , ni _) , (155) 

«1l 



H c = -«.H = - C0S f^\ .H= (156) 
[3 sin(n±,n±) 

= —H ■ cotg (nj_,n_i_) • (157) 

If cotg (n±,n±) = then z c = 0, H c = 0, and lo = lo. 
Denoting 

ZJ — LO 

= Z gen , (158) 

LO 

we obtain 

Zgen = T{ot ■ z + [3 ■ z c ) . (159) 

The quantity z gen is the general observed shift parameter as a result of both 
effects. Then 

z gen =H gen - l j±=T{a-z + [3-z c ) = T (a ■ H + f3 ■ H c ) ■ l j± = (160) 

= [H ■ cos (nj_, n±) + H c ■ sin (nj_, n±)] ■ = (161) 
= z ■ cos (n±,n±) + z c ■ sin (n±,n±) . (162) 
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H gen = T{a-H + {i-H c ) . (163) 

The general observed shift parameter z gen could take values z gen = 0. These 
values depend on the motion of the emitter relative to the observer. In some 
cases, when z gen = 0, the observer could not find any difference between the 
emitted frequency ZJ and the detected frequency u> despite of the relative motion 
between emitter and observer. In these cases, the effect of a motion with cen- 
trifugal (centripetal) velocity of the emitter will be compensated by the effect, 
generated by a motion with Coriolis' velocity. 

From the relations 

_ v k± _ u-uj 

Zgen — ^gen ' 1 ) ^gen — i 

l u LO 

we can find if Zg en , Hg en ^ and l u axe given. Then 

k ± = ^-lu = (--l)--^-lu ■ (164) 

gen ^0 flgen 

In the same way, if z gen , H gen , and are known the absolute value l u of 
the velocity vector u could be determined as 

lu = E^. h± = E^. h± . (165) 

Z gen LO — LO 



zgen = H gen ■ l f- = T (a ■ H + (3 ■ H c ) ■ l f- , (166) 

*>U I'll 

l u = T—-(a-H + (3-H c )= (167) 

Zgen 

= —■(a-l VM +0-l Ve ) . (168) 

Zgen 

Remark. From the relation 

l u = — • (a- l Vz + /?• l Vc ) , l Vz > , l Vc > , 

Zgen 

under the condition that l u > 0, it follows that 

1 



(a-l Vx +0-l Vc ) > . (169) 

^gen 

Therefore, either z gen < and a-l Vz +(3-l Vc > or z gen > and a-l Vz +(3-l Vc < 

0. 

(a) For z gen > 0, it follows that 

a ■ l Vz + ■ l Vc < , (3 ■ l Vc < -a ■ l Vz , a ■ l Vz < —(3 ■ l Vc , 

a > : < L < -- • L , - - > , (170) 

a a 

a<0:l Vz >-^-l Vc , l Vz >0 . (171) 



30 



(b) For z gen < 0, it follows that 

a ■ l Vz + (3 ■ l Vc > , a-l Vz > -j3-l Vc , 

a>0:l Vz >---l Vc , l Vx >0 , (172) 
a 

a < : < L < -- • l Vr , - - > . (173) 

a a 

If, in addition, it is assumed that l Vz < l u , l Vc < l u , then 

(a) for z gen > 0, it follows that 

< z gen ■ l u = -(a ■l Vx +/3- l Vc ) , < Zg en = -(a ■ j*- + (3 ■ y^) , 

0<-(a. l ^+(3. l f±)<-(a. l f+p. l f) = -(a + (3) , (174) 

a + /3<0 , a+ y/l -a 2 < , .0 < \/l - a 2 < -a , (175) 

1 /2 

< 1 - a 2 < a 2 , 2 • a 2 > 1 , " 2 > ' I a I > • ( 176 ) 

(b) for Zg en < 0, it follows that 

0<a- l -^+p- l -^<a- l f + p- l f=a + f3 , (177) 

I'll *>U I'll *>U 



a + f3>0 , a+ sf\ -a 2 > , v 7 ! - " 2 > -a , (178) 

1 /2 

1 - a 2 > a 2 , 1 > 2 • a 2 , a 2 < - , | a | < ^- . (179) 



Let < z g en < k — —(a + f3) ^ —(a + \/l — a 2 ) . We can find the value of 
a for which k is a real number and k > 0. Since 



ko = —a — \J \ — a 2 , ko + a = -yl — a 2 
fc 2 + 2 • fc • a + a 2 = 1 - a 2 , 
a 2 + k ■ a + i • (fc 2 - 1) = , 



"1,2 = \ ■ (-k ± V / fc 2 -2.(fc 2 -l)) , 
«i,2 = i-(-fco±V / 2-fc 2 ) . 

If ai^ are real numbers then fcg < 2 and | fco | < Therefore, if < 

Zgen < k = — ( a + P) then < z gen < V% and a = —(^/2/2) for fc = \/2- 

The general observed shift parameter z gen could not have values bigger than 
\/2 if Zgen > 0. This means that if we could measure values of z gen > V% the 
values of the general observed shift parameter could not be explained only on 
the basis of the existing Doppler effect. Other physical reasons should be taken 
into account if z qen > V2. 
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5 Conclusion 



In the present paper we have considered the notion of null (isotropic) vector 
field in spaces with afhne connections and metrics. On the basis of the no- 
tion of centrifugal (centripetal) and Coriolis' velocities the notions of standard 
(longitudinal) and transversal Doppler effects are introduced and considered in 
spaces with afhne connections and metrics. On the other side, by the use of the 
Hubble law, leading to the introduction of the Hubble effect and the aberration 
effect, some connections between the kinematic characteristics of the relative 
velocity and the Doppler effects, the Hubble effect, and the aberration effect are 
investigated. It is shown that the Hubble effect and the aberration effect are 
corollaries of the standard and transversal Doppler effects. The Hubble effect 
and the aberration effect could influence each other and a general effect as a 
results of both effects could be considered. The upper limit of the general ob- 
served shift parameter z gen if both the effects appear is estimated at z gen = y/2. 
This means that values of the general observed shift parameter bigger than y/2 
and found experimentally could not be explained only on the basis of the exist- 
ing Doppler effects. In such cases, other physical reasons should be taken into 
account. 

The Doppler effects, the Hubble effect, and the aberration effect are consid- 
ered on the grounds of purely kinematic considerations. It should be stressed 
that the Hubble and the Coriolis functions H and H c are introduced on a purely 
kinematic basis related to the notions of relative velocity and to the notions of 
centrifugal (centripetal) and Coriolis' velocities. Its dynamic interpretations in 
a theory of gravitation depends on the structures of the theory and the rela- 
tions between the field equations and both the functions. In this paper it is 
shown that notions the specialists use to apply in theories of gravitation and 
cosmological models could have a good kinematic grounds independent of any 
concrete classical field theory. Doppler effects, Hubble's effect, and aberration's 
effect could be used in mechanics of continuous media and in other classical field 
theories in the same way as the standard Doppler effect is used in classical and 
relativistic mechanics. 
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